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Let k be an algebraic number field with ring of integers ok = o and let G 
be a cyclic group of order p, an odd prime. Let K/k be a cyclic extension of 
degree p with ring of integers D,. Then, the Galois group of K/k is 
isomorphic to G, and I, can be viewed as an oG-module. Throughout this 
paper, we assume that K/k is not tamely ramified, and we say that K/k is 
wildly ramified. It is well known that DK is not isomorphic to an oG- 
projective module. 
Let K, and K, be two wildly ramified extensions of degree p over k, and 
denote DK, by Oj for j = 1, 2. Then the natural question arises of when the 
oG-modules 0, and Dz are isomorphic. In this paper, we answer this 
question and give necessary and sufficient conditions for D1 and D* to be 
isomorphic under the further assumption that k contains a primitive pth 
root [ of 1. 
Throughout this paper, we assume that k contains a primitive pth root [ 
of 1. Let g be a fixed generator of G and x be a character of G with 
x(g) = i. Then the characters of G are (1, x, . . . . xP- ’ } and we let 
X= {x, . . . . xPP’ ). Map(X, I) denotes the group of functions from X to Z, 
where Z is the group of fractional ideals of o relatively prime to an ideal P 
defined in Section I. In Section II, we construct a factor group M of 
Map(X, I), which depends only on the locally isomorphism class of the oG- 
module D, i.e., the genus of D. Applying arguments similar to those by 
which the class cl(D) of D is defined in the module structure theory of 
tamely ramified extensions, we may define an element N(Q) in M. Using 
H. Jacobinski’s results [6], we shall prove that oG-modules D, and 0, are 
isomorphic if and only if D, and 0, are in the same genus and 
N(D1) = N(B,) (Theorem 2). 
In Section III, we study all extensions K of degree 3 over k = Q(n), 
276 
0021~8693/88 $3.00 
Copyright Q 1988 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
INTEGERS OF A CYCLIC EXTENSION OF DEGREE p 277 
where Q denotes the field of rational numbers. We shall show (Theorem 3) 
that these are just three possibilities for the isomorphism class of 0. 
In the case where K/k is tamely ramified, L. McCulloh [7] showed that 
the set of classes cl(E)) is equal to C~‘(OG)~, where J is the Stickelberger 
ideal in the group ring ZA of the automorphism group A of G and 
Cl’(oG)-’ is the subgroup of Cl’(oG) generated by all co, c E Cl’(oG), a E J. 
In Section V, for the case where K/k is wildly ramified, we shall prove that 
NEMO (Theorem 4), which is analogous to one inclusion of 
L. McCulloh’s equality. 
I 
Let K/k be a cyclic wildly ramified extension of degree p and let G be a 
cyclic group of order p. In this section, we prove some lemmas. We begin 
with defining some notation. As in the introduction, we can view G as the 
Galois group G(K/k) of K/k. For a prime ideal p of o, let k, be the p-adic 
completion of k with the valuation ring o, of k,, and let K, = k, Ok K and 
D, = o,@, 0. Denote by n(p) (‘7~) and e(p) (=e) a prime element and 
the absolute ramification index of k,, respectively. We denote by c(p) the 
ramification number of K,/k,. As is well known, - 1 < c(p) < pe(p)/( p - 1) 
(for example, see [IS]). Let P = P(K) be a product np of p such that p ) (p) 
and c(p) < pe(p)/( p - 1) - 1, and define integers d(p) by 
d(p) = pe(p)l(p- 1)-c(~) pe(p)/(p- 1) 
Then, we note that p does not divide P if and only if p satisfies one of next 
two conditions; (i) (p, (p)) = 1, (ii) c(p) 2 pe(p)/( p - 1) - 1. 
Now, A. Frijhlich [3] defines the Kummer order B of 0. Let x be a 
character such that x(g) = [ for a fixed generator g of G as before. Define 
r>(i) by 
D(i)= {“EDlgg(a)=$(g)a} for O<i<p. 
Then s is defined to be the ring D(O) + O( 1) + . . + D(p - 1). Let ‘$ be a 
prime ideal of K with ‘$J ) p, and denote by ‘pl, and ‘pP the valuations of K, 
and k,, respectively. 
LEMMA 1. Let K/k be a wildly ramlyied extension of degree p. Then there 
exists an integer c1 ofD( 1) such that for each p 1 P with c(p) # - 1, 
cpvP(a - 1) = d(p) (2,) 
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Proof: Let 01’ be an element of D(l). By [ll, Corollary 13; 7, (3.2)], 
there exist elements ~1, of Dp(l) such that ~~(a,, - 1) = d(p) for p 1 P with 
c(p)# -1 and cpp(a;- l)>d(p) for pi P with c(p)= -1. By [3, (2.3)], 
O(l)@, o, =Dp(l), and so CI,CL =c(, for some element up of k,. From the 
strong approximation theorem (for example, see [l, Theorem, p. 67]), it 
follows that there exists an element a of k such that a E o, for each prime 
ideal p 1 P and cp,(d’-a,P)>d(p) for each p 1 P. Let c( =a@‘, then 
cp,(a”-l)=d(p) for p[P with c(p)# -1 (cp,(a”--l)ad(p) for p/P with 
c(p) = - 1). Hence CI is an integer and so tx E Q( 1). As d(p) < pe(p)/(p - 1) 
for ‘$1 P with c(p)# - 1, we can see that cp*(tx - 1) = d(p), and hence cx 
satisfies (2,) and (2,). 
Let c1 be the element of D(1) as in Lemma 1. As D(i) is a rank one 
o-module for 0 < i < p, there exist fractional ideals a(i) of k such that 
D(i) = a(i) (3) 
Clearly, a(0) = o. By (2,) and (2,) c( is a P-unit. Then, by [3, Lemma 3.31, 
D,(i) = opai for pI P. (4) 
LEMMA 2. Let (a@) = bic,:-P, where bj is a pth power free integral ideal 
and ci is a fractional ideal. Let a(i) be as in (3). Then a(i) = ci and 
(a(i), P) = 1. 
Proof As a(i)a’cD, a(i)PcriP is an integral ideal of o. Suppose that for 
some prime ideal p of k, p -Pa(i)Pc?P is an integral ideal, and so 
(pP’a(i))cris8, h’ h w ic is a contradiction. Then a(i) is pth power free 
and a(i)= ci. By (4), a(i), = o,, and so (a(i), P) = 1. 
We have clearly that K= k + kcc + . . . + kaP- I. Let Ei be the central 
idempotent of kG corresponding to xi. Then, the ring End,,K of kG- 
endomorphisms of K is kE, + kE, + ... + kE,_ , . Let X be a set 
ix I , ..., x,-i} with x,ek- {0}, and let 
f(f)=E,+x,E,+ ... +x~-~E~-~. (5) 
Clearly, f(.?)( 1) = 1 and f(%)(cci) = x,N~. f(Z) induces a k,G-isomorphism 
of K,. In the rest of this section, we investigate the conditions for f(x) to 
be an o, G-isomorphism of 0, for p 1 P. First we treat the case where p is 
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wildly ramified in K/k and 1 <c(p)<pe(p)/(p- l)- 1. Then, by (4) 
8,=o,+o,a+ ... +o,cx~’ and so 
e,=o,+o,(rx-l))+ .” +0&U-l)P-‘. 
Let mi = [id(p)/p], where [x] denotes the integer n such that n <x < n + 1. 
Since (id(p), p) = 1 for 1 B i < p, it is easily seen that for 0 6 i, j< p, 
~~((~-1)i/~m1)~~*I.l((a-l)~/nm~)(modp)ifandonlyifi=j. (6) 
We have the following lemma. 
LEMMA 3. Let p be wildly ramified in the extension K/k with p 1 P. Then 
{l, (CI- 1)/r?“, . . . . (c1- l)p~‘/rrmp~‘} is a basis of D,. 
By the definition of ,f(.Y), 
f(Z)(LY-l)‘= i i 
0 j=iJ j 
( - 1 )‘?K;cr! 
where x0 = 1, and so 
f(%)(cr-l)‘= i 1 ,_,(,~,,,,(~)(:)(-l,i~jx,)(~-l)~. (7) 
LEMMA 4. Let p be wildly ramified in the extension K/k with p 1 P, and 
let cp = ‘pV be the valuation of K,. Denote by Aut XI,, the group of all 
o,G-isomorphisms of 0,. Then the following conditions are equivalent: 
(i) f(i) E Aut D,. 
(ii) For 1 <i<p, (xi, p)= 1 and cp(f(i)(a- l)‘)>pm,. 
(iii) For l<i<pandO<s<p, (xi,p)=l and 
Proof: First we prove the equivalence of (i) and (ii). Assume 
f(X)e Aut 0,. Then f(Z)(D,(i))= Q,(i). Hence oPxicli= o,,c& and so 
(xi, p)= 1. By Lemma 3, (1, f(Z)((cr- 1)/x”‘), . . . . f(Z)((cr-- l)PP1/rc’“~~l)} 
is a basis of DP, which implies (ii). 
Conversely, assume (ii) holds. As (xi, p)= 1, f(~)(o,cr’)=o,d, so 
f(X)8,=8,. Let N be 
N=o,+o,f(Z)((cr- 1)/z”‘)+ ... +o,f(x)((cr- l)“~‘/rr”~‘), 
By assumption (ii), f(%)((cr- l)i/nm~)~DP and so NsDP. The module 
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index [N:8,] is (C), where m=m,+ ... +m,-,. By Lemma3, 
[0,:8,]=(C) and so [0,,:8,] = [N:8,]. Therefore, by [l, 
Proposition 1, p. lo], we have N=D,, which implies f(D,) =Dp and 
hence f E Aut op. 
The equivalence of (ii) and (iii) follows from (2 i ), (6), and (7). The proof 
of Lemma 4 is completed. 
Next, we treat the case where p is non-ramified in K/k with p 1 P. As in 
[7], we can prove the following lemma. 
LEMMA 5. Let p he non-ramified in K/k with p I P. Let o! and .f(;U) be as 
above 
(i) (1 +a+ ... +a”-‘)/p is an o,G-basis off),,. 
(ii) f(.?)EAutD, [f and only if.f(Z)((l +a+ ... +uppl)/p) is an 
o,G-basis of I,. 
(iii) f(Z)((l +cc+ . . . +ccppl )/p) is an o, G-basis of 0, if and only if 
f(T) is a unit of o,G. 
Moreover, if f(Z) E Aut Dp, then xi is a p-unit for 1 < i < p. 
ProoJ: As in the proof of [7, Theorem (3.2.2)], we can prove (i). Next 
we prove (ii), (iii). Let y = (1 + a + ... + up-*)/p and so by (i), D, = o,Gy. 
Hence, f(Z) E Aut Dp if and only if f(Z)? is an o,G-basis of Dp, which is 
equivalent to the condition that f(2) is a unit of o,G. Moreover, if f(T) is a 
unit of o,G, there exists an element a of o,G such that af(X) = 1. Then, for 
some ai E 0,) a=a,E,+a,E, + ... +app,Epp, and so by (5), af(X)= 
a,E,+a,x, + ... +a,~,.~,~,E,~,. Thus, aixi= 1 and so xi is a p-unit. 
II 
In this section, we shall show that D, E D, if and only if N(Di) = N(D?). 
We use the same notation as in Section I. First of all, we have the next 
lemma by [3, 6.5 Theorem]. 
LEMMA 6. Let K/k be as before and denote by c(p) the ram$cation 
number of K,jk,. Then the following conditions are equivalent: 
(i) c(P)=pe(p)l(p-ll)orpe(p)l(p-ll)-ll. 
(ii) Dp=B P’ 
We now define an oG-module L. For 1 d i < p, let m,(p) = [id(p)/p] and 
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let Ei be the idempotent corresponding to x’ as in Section I. For p 1 P with 
c(p) # - 1, define elements a,, . . . . up- 1 by 
For each prime ideal p of o, an o,G-module L, is defined as follows: 
(a,) For p with (p, p)= 1, L,=C,G, where o,G is the maximal 
order of k,G. 
(a?) For p with c(p) 2 pe(p)/( p - 1) - 1, L, = 5,G. 
(b) For p with c(p) # - 1, 
Lp=op+opa,+ “.+O,a,-,. 
(c) For p with c(p)= -1, L, =o,(l/p)G. 
Clearly, for cases (a, ), (a,), and (c), L, are o, G-modules. Then, for the 
case (b), we have 
LEMMA 7. In case (b), L, is o,G-isomorphic to the o,G-module 0,. 
Proof: Define a map f from K, into k, G by f(u)‘) = Ei for 0 Q i < p. 
Clearly, f is k, G-isomorphism. Then, from Lemma 3, f(D,) = L,, and 
hence L, is o,G-isomorphic to D,. 
As is well known, there exists an oG-module L in kG such that 
o, 0, L = L, for each p (for exampe, see [S]). Denote by T(L) (=ZJ the 
genus containing L. We observe D E r and we have 
COROLLARY 1. Let 0 and L be as above. Let K’lk be a wildly ramified 
extension of degree p with the ring DO’ of all integers of K’. Then oG-module 
I’ belongs to r if and only iffor p 1 (p), c’(p) = c(p). 
Proof: Suppose c’(p) = c(p) for p 1 (p). Then from Lemma 3, Lemma 5, 
and Lemma 6 it follows Dk 2 L, for p 1 (p). Hence, we have 0’ E T(L). 
Conversely, suppose D’ E r(L). Then for p with c(p) = - 1 (c(p) > 
pe(p)/(p - 1) - 2) f)L E’ o,G (X)L E DpG), respectively. For p with 
c(p) # - 1, the module index [S)b:Bb] is equal to [D+,:8,]. Therefore, 
d’(p) = d(p) and C’(P) = 4~) for P I(P). 
Now we recall H. Jacobinski’s results [6]. Let A be a left order of L. 
Then A = (Q E kG 1 a(L) E L} and so A is also a left order of 0. Let 
/1= Cr:-i oEj, then /1 is a maximal order and n 2 A 2 oG. It is easily 
shown that if nP #A,, then p I P. As in [6], let ZP( 1) be the group of all 
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fractional ideals of /i that are prime to P, and denote by HL( =H) the sub- 
group of I,( 1) generated by principal ideals of the form (a) with a E A. 
Then, applying the strong approximation theorem, we can prove 
LEMMA 8. Let H, be as above. Let Aut L, be the group of all o,G- 
automorphisms of L,. Then we have 
H,= {(a)la~kG andaEAut L, for pip}. 
Therefore, for UE r, we have H, = H, (cf [4, XI, p. 1191). 
As is shown in [6], for UEZ, there exists an ideal a of Z,(l) such that 
We define n(U) to be the image of a in I,( 1 )/H. By [S, Theorem 2.21, we 
have 
THEOREM 1. Let L and r be as above. Then for U, VE r, U E V if and 
only if n( U) = n(V) in I,( 1 )/H. 
Next, we define the invariant N(D). For 0 d i< p, let a(i) be as in (3) of 
Section I. Clearly, a(0) = o. As in the introduction, let Map(X, I) be the 
group of all maps from X to the group Z of fractional ideals of o which 
are prime to P. Then we can identify Map(X, I) with a subgroup of 
I,,( 1) which consists of all elements a such that &a = a(0) = o. 
Let R= HnMap(X, I), then we have R= {((x,), . . . . (xp-,)) 1 f(x)= 
E,+x,E, + ... +x,-,E,-,EAutL, for pip}. Put M=Map(X,Z)/R. 
Clearly, M is also identified with a subgroup of Zp( 1)/H. By Lemma 2, 
a(i) E Z and so an element 2I of Map(X, I) is defined by ‘%(x’) = a(i). Let 
N(D) be the natural image cl ‘?I of Cu in M. Then we have 
THEOREM 2. Let K1 /k and K2 jk be wildly ramified extensions of degree 
p. Then, oG-modules D, and 0, are isomorphic if and only if 0, and Dz 
satisfy the two following conditions: 
(i) D, and 0, are in the same genus. 
(ii) N(D,)=N(D,) in M. 
ProojY By Theorem 1, it is sufficient to prove N(D) = n(D). For p 1 P, 
we have 0, = 8, and L, = 2,. Thus 
(AD),(i) = B,(i) = a,(i)?. 
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By the definition of L, L,(i)=A,(i)=o,Ej. For p/P with c(p)# - 1, it 
follows from Lemma 3 that 
(AiT),(i) = (7c(p)-““p’)d. 
By (b), (AL),(i)= (z-“‘)E,. For pl P with c(p)= - 1, it follows from 
Lemma 5 that 
(m),(i) = (p-qa’. 
By (c), (AL),(i) = ( pP’)Ei. Let f be a kG-isomorphism from K onto kG 
defined by f(a’) = Ei as in the proof of Lemma 7. Then, by the above 
discussion, we conclude that f(X)) = C a(i)E,AL and hence N(D) = n(D). 
The proof of Theorem 2 is completed. 
III 
In this section, we study the module structure of D over Z[[], where [ is 
a primitive cube root of 1 and Z the integers. Let k be the quadratic field 
Q(i) over the rationals Q and h be the class number of k. As is well known, 
h is 1. (c-1) is a prime ideal with ({-l)‘=(3). Let p=(&l), so 
e(p) = 2. Let K/k be a cyclic extension of degree 3. Then, - 1 < c(p) d 3. 
We can divide such extensions into three types: (i) c(p) > 2, (ii) c(p) = 1, 
and (iii) c(p) = - 1. First we consider case (i). Then, from Lemma 6, it 
follows D = 6, and D z SG because h = 1. Next, we consider the case 
c(p) = - 1. Then K is tamely ramified at all prime ideals of o. By [S, 
Theorem 4.31, we have D(oG) = (1 }, and so Cl(oG)= {l} because h= 1. 
Therefore, D z oG. Finally, we consider case (ii). As in Section I, let a be 
an element of 0 such that a3 s 1 (mod p’). 
LEMMA 9. Let D and p be as in the above. For elements I, and x2 of k, 
f(-x, 3 x2) is an op G-automorphism of Dp if and only if 
x, = 1 (mod* p) and x2 = 1 (mod* p). 
ProoJ From c(p) = 1, it follows that d(p) = 2, and so 
ml = Cd(p)/31 = 0 and m, = [2d(p)/3] = 1. 
By Lemma 4, f(x,, x2) E Aut Dp if and only if 
(P&2-2x,+l)kl and (Pp,(x* - x1 12 1, 
which are equivalent with (pp(x2 - 1) 2 1 and qP(x2- 1) > 1. This com- 
pletes the proof of Lemma 9. 
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Next we determine the group M. Since h = 1, I= ((x) 1 ((x), p) = l}. Let 
s= {(x)1(b), PI’1 and x z 1 (mod* p) }. Therefore, by Lemmas 8 and 9, 
M = I/S x I/S. I/S is the ideal class group I, with defining modulus p. We 
can easily see 1, = ( 1 } (for example, see [7, Theorem 2, p. 1431). Hence 
M= { 1 }. Let K, =k(j-). As ‘pp(l + 3[ - 1) =2, the ramification 
number c(p) of K,/k is 1. Then, from Theorem 2, we have the following 
theorem. 
THEOREM 3. Let k be the quadratic field Q(n) and K/k be a cyclic 
extension of k of degree 3. Then, the ring D of all integers of K is oG- 
isomorphic to one of the three oG-modules oG, 5G and 0,) where 5G is the 
maximal order of kG and B, is the ring of all integers in k( J”CZ@). 
IV 
In this section, we prepare some lemmas which are used in the next 
section. As in Section II, let I be the group of idels of o relatively prime to 
P and denote by Map(X, I) the group of maps from X into Z, where 
X= (1, x2, . . . . xp-l}. As in [7], 6 of d (= Aut G) acts on X and Map(X, I) 
as follows: 
($)6(g) = f( gq = -p-‘)(g), (8) 
ns(Xi) = n(xisml) for n E Map(X, I), (9) 
where t(6) is an integer such that 0 < t(b) < p and g’ = g’(“. 
Now we show that R* = R for all 6 E A. Clearly, A, = 
(aEk,Gla(D,)sDO,}. Denote by U(p) the group of units a of A, with 
a( 1) = 1 for the unity 1 of op. By Lemma 8, we have H, = H, for U E r 
and in particular, Ho = H,. From Lemma 8, it follows that 
R=(((x,),...,(x,-,)))f(x)=E,+x,E,+ . ..+x.~,E,~,EU(~) 
forpIP}. (10) 
By Lemma 5 and [2, Proposition 51, we have 
LEMMA 10. Let p be a prime ideal with p I P. 
(i) For p with c(p)= -1, A,=o,G. 
(ii) For p with c(p) # - 1, there is a basis { 1, (g- 1)/a,, . . . . 
(g- l)P-‘/a,-,} ofA, over o,, where ai=n(p)“lfor some n,>O. 
COROLLARY 2. U(p) is A-invariant for p ) P. 
INTEGERS OF A CYCLIC EXTENSION OF DEGREEP 285 
ProojI We note that 6 is an isomorphism of k,G and 6(o,G) = o,G. For 
the wildly ramified prime p, it follows from Lemma 10 that A, 2 o,G. 
6((g- l)‘/a,)=(g’(“)- 1 )‘/u,. It is easily shown that 1 + g + . . . + gr@- ’ is 
a unit of o,G, whence @A,) =A,. Observing that a(l)= 1 is equivalent to 
a(C g’)/p = x g’/p, we have 6( U(p)) = U(p). Similarly for the non-ramified 
prime p, we have 6( U(p)) = U(p). 
A set U of kG is defined by 
U= (aEkG 1 us U(p) for each p 1 P}. 
Let a E U. Then a can be written in the form 
a=E,+X(u)E, + .” +~“-‘(u)E,~,. 
We can define a map F from U into Map(X, I) by F(u)(~j) = (~‘(a)). Then, 
by (8) and (9). 
so that F is a d-homomorphism. Therefore, by (lo), we have 
LEMMA 11. Im F= R and R is A-invariant. Therefore, M is a A-group. 
Finally, we prove the following lemma. Let p be an element of n( 1) 
satisfying (2,) and (2,) and let y = B/U. Clearly, 4’ E k. As CL and j3 are 
P-units, v is a P-unit. 
LEMMA 12. Let cc, 8, and y be us above. Then 
C(Y), . . . . ty”-‘))~R. 
ProoJ: Let j=(y,..., ypp’). Then, for 1 Qi<p, f(j)(a’)=/?‘, so 
f(y)((cr-l)‘)=(p-1)’ and f(j)((l+cc+ ... +cF’)/p)=(l+/?+ ... + 
BP- ‘)/p. Let m, = [id(p)/p] as in (6). For p 1 P with c(p) # -1, 
cp((p- l)i) >pm, because of (2,). Hence, from Lemma 4, it follows that 
f(j) E Aut n,. For p 1 P with c(p) = - 1, it follows from Lemma 5 that 
(1 +/?+ ... +j?“-‘)/p is an o,G-basis of 0,. Thus, by Lemma5, f(j) is 
an automorphism of 0,. 
V 
In this last section, we prove N(D) E MJ. We use the same notations as 
in the previous sections and we begin with recalling the definition of the 
Stickelberger ideal J. Define an element 8 of ZA by 
e= c t(s)s-’ 
SGJ 
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and let J= (~~‘8 - ZA) n ZA (for example, see [7, p. 5641). Now we define 
an element c of Map(X, I) in the following. For 1 < i < p, ci is the product 
of all primes p such that a”( l)aJ’ is exactly divided by pi-‘, where ip ’ 
denotes an integer satisfying 1 < i- r < p and iP ’ . i 5 1 (mod p). Then, by 
Lemma 2, we have (ci, P) = 1 and 
P-1 
a”( l)(olP) = n (cj-,)i. (11) 
i= 1 
Hence we can define an element c of Map(X, Z) by c(x’) = ci. Then, by (8) 
and (9), 
p-1 
c”(x) = I-I P) (X6)= fl (ciml)‘, 
dEA ;= 1 
so 
a”( l)(c@) = c”(x). 
Further, we wish to prove 
a”(i)(a@) = co($). 
Let r(i) denote the minimal positive residue of i mod p. By (1 1 ), 
p-1 
aiP(l)(aip)= fl Cfil. 
Then, by Lemma 2, 
j=l 
P-1 
ap(i)(a’“) = fl CJLj[). 
j=l 
As j-r = ir(ji)-‘(mod p), 
P--l 
ap(i)(aip) = n c$Qii,-,,. 
j= 1 
By (8) and (9), we can obtain the equality (12). 
Define an element w of Map(X, Z) by w(x’) = (sip), and then 
(12) 
Let bd(xi) = (a’(it(6))-i’(6)) and bi = ar(i’(S))- it(a). As r(it(d)) - it(d) z 0 
(mod p), bi E k and 6, E Map(X, I). 
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LEMMA 13. Let p be a prime divisor of P with c(p) # - 1 and let 
b=(b ,,..., b,-,). Thenf(6)EAutD,,. 
Proof: Let cp be the valuation of K,. We evaluate cp(j(6)(cc - 1 )i). Since 
f(6)(&) = b,a’ and bi = upi’ for some i’, there exists an element /I of Dp such 
that 
We observe cp(cr”-l)=pd(p), and so by (2,) ~(~r~-l)>(p((c~-l)~), 
whence cp(f(6)(cc - l)j) = cp((a - 1)‘). Thus, by Lemma 4, f(6) E Aut Dp. 
Finally, we prove the following theorem, which is one of the main results 
of this paper. 
THEOREM 4. Let K/k be a wildly ramified extension of degree p. Let R be 
as defined in the above and let M = Map( X, I)/R. J denotes the Stickelberger 
ideal of ZA and MJ is a subgroup generated by c”, c E M, a E J. Then N(I) 
belongs to MJ. 
Proof. We apply arguments similar to those in [7]. We claim b, E R. 
From Lemma 13, it is enough to show only that f(6) E Aut D, for p 1 P 
with c(p) = - 1. We follow the proof of [7, Proposition (2.4.1)]. By (2,), 
bj = 1 (mod pdCp’), so bi- 1 E (p)p. Let b be 
b=E,+b,E,+ ... +b,_,E,p,Ek,G. 
Then b-l=(b,-l)E,+ . ..+(b.-,-l)E,-, and b-lEpo,G. Hence 
bEopG and b is a unit of o,G. By Lemma 5, bEAut 0, andf(6)EAut Op. 
This implies b6 E R. 
Now, from [7, Lemmas (4.1.5, 4.1.3)], it follows that mEMJ if and only 
if there exists n E M such that m“ = n” . p ~ ‘8 for all elements a of a set 
(p, S-t(S) 1 SEA- {l}}. First we show N(D)“-““‘= (cl~)~-‘~~~~~(‘)). By 
(12) and the definitions of bs and u’, 
Therefore, 
b,($) au” ~ r(@(f) = cPm’o(6 - r(b))(f). 
Since 6, E R as shown in the above, we have 
N(D)&- r(a) = (cl c)P-‘o(6- t(6)). 
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Next we show that N(D)P = (cl c)~-“~. Let fl= cl1 fp, so /3 satisfies (2,) and 
(2,). Then, by Lemma 12, ((g -p), . . . . (cx-(~- ‘jp)) E R. Therefore, by (12), we 
have 
(cl 9I)P= (cl C)@ = (cl C)p-‘O? 
Hence, N(D) E MJ. The proof of Theorem 4 is completed. 
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